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The absorption of a circularly polarized electromagnetic wave which 
propagates in a plasma along a magnetic field is analyzed. The exact 
equations of particle motion in the resonance region are solved with 
aid of elliptic functions. It is shown that the nonlinear damping con- 
stant has an oscillatory form. For t --~ 0, it coincides with the constant 
obtained on the basis of linear theory, while for t --* *r in the absence 
of collisions, it tends to zero. The influence of collisions on wave ab- 
sorption is studied. It is shown that with allowance for collisions, the 
damping constant depends on the amplitude of both the H~ and Ht's/~ 
waves. The analysis of slowly decaying waves may be based on a 
model proposed by Dawson [1] and later modified in [2,3]. According 
to this model, all plasma particles are grouped into resonant and non- 
resonant ones. The velocity distribution function of the nonresonant 
particles is assumed to be the same as in the case of undamped waves. 
The distribution function of resonant particles at the initial instant is 
assumed to be Maxwellian. The nonlinear equations of motion of the 
resonant particles are integrated exactly. The damping constant is de- 
fined as the ratio of the energy expended by the wave at the resonant 
particles to the total energy of the wave. 

In nonlinear formulation, resonant absorption appears to be nonstation- 
ary. After a time lapse on the order of several vibrational period of a 
particle captured by the wave, nonstationary absorption ceases, and 
stationary absorption, created by infrequent collisions, becomes essen- 
tial. It is noteworthy that absorption of this type has been studied by V. 
E. Zakharov and V. I. Karpman [4] for the case of plasma waves. 

1. For  s impl ic i ty ,  t h e r m a l  mot ion wil l  be taken i n -  
to account  only for r e s o n a n t  pa r t i c l e s .  Nonresonant  
p a r t i c l e s  a re  cons ide red  to be cold. The d i spe r s ion  
equat ion for a c i r c u l a r l y  po la r i zed  e l ec t romagne t i c  
wave that propagates  in  a cold p l a s m a  along the m a g -  
net ic  f ield has  the fo rm [5] 

k~c~ O)Oe 2 CO0/2 
(02 = 1 - -  o) ((o :F c0se) r " (1.1) 

Let  us  examine  a wave po la r i zed  in  the d i rec t ion  of 
e l ec t ron  ro ta t ion .  The lower s ign in (1.1) r e f e r s  to 
th is  wave. The a n a l y s i s  is  l imi ted  to f r equenc ies  c lose  

to W i l e ,  i . e . ,  

(ore .~  (o~< [ 0)~1, (1.2) 

thus, we assume that ions do not participate in the vi- 
brations. Furthermore, there must be substantially 
fewer resonant than nonresonant particles, 

I (OH~ I - -  o~  > kVT~ .  (1.3) 

Let us  t r a n s f e r  to a s y s t e m  of coord ina tes  that 
moves  together  with the wave. An e l e c t r i c  f ield is  a b -  
sent  in this  sys tem.  The equat ions  of mot ion of the 
pa r t i c l e s  (e lec t rons)  have the following fo rm:  

dv .  / d t  = O)noV v -6 o )mv  ~ sinkz (o)n. = O)He) ,  

dv v / d t  = ~0)H0V~ -6 (omv~cos k z (o~ m = eH1/mc) , 

dvz / d t  = - - ( o ~  (vx sin/~z -6 v u cos k z ) .  (1.4) 

Here,  H 1 is  the ampl i tude  of the wave. The constant  
f ield H 0 is  d i rec ted  along the z -ax i s .  By pe r fo rming  
the change of v a r i a b l e s  

k 
v~ = - - - -  v ~ c o s k z  - -  ~ %sin kz  - -  ~  

O)Ho (Clio {Clio 

k k 
v~ ~-- --C~ U~COS kz -6 ~ oxs in  kz , 

k 
v~ = t - - - -  v,, T = O)H0t, (1.5) 

{Clio 

we obtain a s y s t e m  which is  independent  of z: 

dv~ dv~ 

dv__~ 
- -  crY,1 ( a = O) H1 H1 

dv , - - ~ ] .  (1.6) O)H0 

The sys t em of equat ions  (1.6) has  two s imple  in t e -  
g r a l s  

p =  vv. 2 -6 2av~, q = vn n -6 va 2 --  2v~. (1.7) 

By e l i m i na t i ng  v~? with the aid of (1.7) f rom the las t  
equat ion of sys t em (1.6), we a r r i v e  at  a quadra tu re  
solut ion 

v~0 
l dv~ -- ! (1.8) 

~ r - -  2 " 

The fo rm of the r e sponse  depends on the number  of 
r e a l  roo ts  of the equat ion 

_= v~4 _ 2pv~2 _ 8a~v~ - 6 p Z  _ 4qct2 = 0. (1.9) 

Under the condi t ions  of the p rob lem studied, there  
can occur  two cases :  a) Eq. (1.9) has  two r e a l  roo ts  

V~l~ = u :A B+ (P, u); (i.I0) 

b) Eq. (1.9) has four  r e a l  roo ts  

vr  = u ~ R +  (p ,  u ) ,  v~3~4 = - -  u + R -  (p ,  u ) ,  

R ~  = (p _ u ~ -4- 2a  2 ] u) ' / , ,  

u 2 = i/3p -6 t/2 [ - - r  -6 ~]aa 2 ]/'t/3 M]'A - 6  

+ tl2 [ - - r  - -  41a o : ~ y i l a M  1'/3, 

r ---- _ s / ~ p 3  -6 4/aa2pq __ 4a~, 

s ---- 4/3aeq - -  ~/9 p2, M = 2'/1s (r 2 -6 sZ )a - i .  (1.11) 

To cases  a and b in  the pq-p lane  there  co r re spond  
the r eg ions  

M (p,  q) - -  4p s -6 4a2q 3 - -  18a2p2q 2 -6 27a4 ~ 0. (1.12) 
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Fig.  1 

In Fig .  1, c u r v e  A ' O ' C '  which  s e p a r a t e s  the r e g i o n s  
which  d i f f e r  in  the n u m b e r  of r e a l  r o o t s  of Eq.  (1.9) i s  
one  of the two b r a n c h e s  of the  c u r v e  M(p, q) = 0; the 
s e c o n d  b r a n c h - - t h e  c u r v e  B D A " - - l i m i t s  the r e g i o n  of 
p o s s i b l e  v a l u e s  of p and  q. Subs t i t u t i ng  e x p r e s s i o n s  
(1.7) in to  M(p, q) = 0, we ge t  an  equa t i on  for  the b o u n d -  
i ng  s u r f a c e  in  the sp a ce  (v~, v~?, v~) 

4 (v~ + 2av~ ~) + 4a z (v~ 2 + v~2 - -  2v~)~ - -  

- -  18a ~ (v~ 2 + 2ave) (v~ 2 + v:~ - -  2v~) - -  

- -  (v~ ~ + 2avz)~ (vn 2 + v~ - -  2v~)Z + 27a~ = 0. (1.13) 

In the p l ane  v~] = 0, Eq.  (1.13) can  be w r i t t e n  in  the 
f o r m  of the p r o d u c t  

+ t8av~vr.--va2v~ ~ -}- 27a i) = 0 .  (1.14) 

The  s u r f a c e  (1.13) i n t e r s e c t s  the p l ane  v~? = 0 a long  
the  c u r v e  

4v~ ~ - -  4av?  -+- t8av~v~ - -  V ~ 2 ~  2 -[- 27r "~ = 0,  (1.15) 

and  i s  t a n g e n t i a l  to i t  a l o n g  the h y p e r b o l a  

a + v~v~ = O. (1.16) 

E q u a t i o n  (1.18) is  the e q u a t i o n  of a n o n l i n e a r  d ipo le  
wi th  a p o t e n t i a l  e n e r g y  X(v~). The  p a r t i c l e s  tha t  c o r r e -  
spond  to h y p e r b o l a  (1.16) a r e  s i t u a t e d  at  the bo t tom of 
the po t en t i a l  we l l  (Fig .  2); to c u r v e  (1.15), o r  m o r e  
p r e c i s e l y  to i t s  s e g m e n t s  O 'A '"  and O"A '  (Fig.  3), 
t h e r e  c o r r e s p o n d  p a r t i c l e s  with an  in f in i t e  p e r i o d  (Fig .  
4). It shou ld  be no ted  that  p a r t i c l e s  which  d u r i n g  t h e i r  
m o t i o n  in  v e l o c i t y  s p a ce  i n t e r s e c t  the p lane  v~ = 0 in  
the r e g i o n  A " O ' O " A '  b e c o m e  t r apped  in  the v}v~?- 
p l ane ,  w i th in  a c e r t a i n  ang le .  They  cons t i t u t e  an  a n a -  
log to p a r t i c l e s  t r a p p e d  by a p l a s m a  wave.  

Le t  u s  now a n a l y z e  the so lu t i on  of Eq. (1.8). In c a s e  
a,  i t  t akes  the f o r m  

mz,~t - -  nr~2 
v~ ~ + 

2nm (v~t -- vr.~) 
+ 

n ~ - - m ~ - - ( n - - m ) ~ c n  [F (ok, k) - - '~  ~fn--mm, k] ' 

1 p - -  3u ~ k ~ = - ~ -  + 
4 V'(u~ + as / U)~ - -  u~ (R-)  ~ ' 

H e r e ,  F(~o,k) is  an i n c o m p l e t e  e l l i p t i c  i n t e g r a l  of 
the f i r s t  kind,  and  t t  e i s  a s  de f ined  in  (1.11). 

In ca se  b, the s o l u t i o n  d ep en d s  a l so  on the i n t e r v a l  
of i n t e g r a t i o n  o v e r  v U 

Vl (v~ --v~) + v,I (v~ - -  V2) sn ~ [F  (P.o, r)  "4- a:6, r]  
V~ : ~'..,-- Vl-~ (Vl - -  v2)snl~[F (It0, r)  -~$~, r] 

I 
Fig.  2 

~ - ~  ,4 

Fig.  3 

l '3 ( v 2  - -  v 4 )  - -  Vz  (Va  - -  Y4)  sn 2 [F  (~o, r) -}- TS, r] 
V~ = v2 - -  v~ - -  (vs - -  v,) sn ~ [F (ko, r) + ~8, r] 

(v4 < v~ < vs), 

( (v"~--v,)(v~--v~o) )'/~ 
P'o =- arc sin (va -- v~) (V~o-- v4) ' 

)".. 
~o = arc sin ~(vs --  v~) (v.~ ~ vr.o) 

= {[ (v~ - -  v~) / ( v l  - -  v~)] [(v~ - -  v , )  / (v~ - -  v d ] ) ' / , ,  

6 = I/4 [(vl - -  v3) / (v2 - -  v4)] '1' . (1.18) 

He re  

v~ = v~t ( i = 1 , 2 , 3 , 4 ) ,  vl > v~ > va > v 4 . 

F o r  ~/(p<< 1, q ~  (kVTe/O-'H0)2) 1/2, the e x p r e s s i o n  
fo r  v~ b e c o m e s  a p p r e c i a b l y  s i m p l e r  and  ha s  the s a m e  
f o r m  both for  ca se  a and  for  c a s e  b: 

G 2 ~P~O + (~'~,o' + ) ~o~ �9 V - F - -  
- kp r P g-p 

r (v~? --  v~0~ ) cos 2~ ] fp  + 

sm ~ V P ,  (1.19) 

w h e r e  v~0, v~?0, and  v~0 a r e  the p r o j e c t i o n s  of the p a r -  
t i c l e  v e l o c i t y  onto the axes  a t  the i n i t i a l  i n s t a n t .  

F ig .  4 
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2. The  d a m p i n g  c o n s t a n t  wi l l  be  d e t e r m i n e d  a s  the  

r a t i o  of  the  e n e r g y  e x p e n d e d  by the  w a v e  a t  the  r e s o -  

n a n t  p a r t i c l e s  to the  t o t a l  e n e r g y  E of  the  w a v e ,  

c0 ~- O/ 

""(~ 
E = ~  ~ l + ~ + ( , ~ + ~ H o )  ~ . 

A s s u m i n g  t h a t  t he  n u m b e r  of p a r t i c l e s  i s  c o n s e r v e d  

a n d  t h a t  Vx a + Vy ~ + VzZ = e o n s t ,  we r e w r i t e  (2.1) a s  
f o l l o w s .  

t mVz o~ 

T h e  d e r i v a t i v e  a f l a t  wi l l  be  d e t e r m i n e d  f r o m  the  

k i n e t i c  e q u a t i o n ,  u n d e r  the  a s s u m p t i o n  t h a t  a t  t he  i n i -  

t i a l  i n s t a n t  the  p a r t i c l e  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  

i s  M a x w e l l , a n .  T h e  e x p r e s s i o n  f o r  the  d a m p i n g  c o n -  
s t a n t  t a k e s  the  f o r m  

T = Ev~,~ x 

ki~z 

H e r e ,  the  v a l u e  o f f 0  in  the  i n t e g r a n d  i s  t a k e n  o n l y  

in  t h e y  z =  ( w +  W H o ) / k ( v ~ =  0) p l a n e .  F o r  c a s e s a a n d  
b, we h a v e  

v~0 = h sn (F (cp, k) -t- X ] / ' ~ )  dn (F (cp, k) + z 1 / -~)  
{[(n -t- rn)/(n --m)] - - cn (F  (qg, k) -]-I; ]fn-m)}~ 

(M (p, q) < 0), 

sn (2F (I x, r) --  2"r~5) dn (2 F (I x, r) - -  2z6) 
v~0= l (i + [(vi i v~) / (v~ --  v~)] sn~ (F (ti, r) - -  2r8)} ~ 

(M(p, q) ~ O, vz ~ v~ ~ vx), 

V~o = b sn (2F (~,, r) - -  2~'6) dn (2F (L, r) --  2"c8) 
t - -  [ ( v ~ - -  vt) / (v~ - -  v~)l sn~ (Y(~,  r) - -  2~1i) 

(M (p, q)~>O, v t ~  v~< vs), (2.4) 

h = 2 (am)'/" (v2 -- vl) 
cl (n - -  mp 

l = (v~ - v , )  (~,~ - v~) ('v~ - v~ ~' / ,  . (~,~ - v,) 
4~  t v ~ - -  v"---~/ ' b = t ( v l - -  vi)" (2.5) 

F o r  cv/(q-p << 1, q ~ (kVTe/WH0) 2) t he  l a t t e r  e x p r e s -  
s i o n  c a n  be  s i m p l i f i e d  a s  f o l l o w s :  

v ~0 ~-~ - -  ( - " ~  -J- "~--p - -  v<)  s i n  �9 ] / ' p  -t- 

(v~ -t- ave% ~ ~ ) cos x i /  p - -  + 

~(vr  sin 2~}f 'p - -  aveV~eos2~] /~  4- (2.6) 
2p p . . . . .  

H e r e ,  o n l y  the  f i r s t - o r d e r  t e r m s  wi th  r e s p e c t  to 
(a/~/p) a r e  r e t a i n e d .  

F i r s t ,  we s h o w  t h a t  f o r  T - "  0, a n o n l i n e a r  d a m p i n g  

c o n s t a n t  r e d u c e s  to a l i n e a r  one .  F o r  s m a l l  ~, p a r t i -  

c l e s  w i th  the  s m a l l e s t  v i b r a t i o n  p e r i o d  w i l l  e n g a g e  in  
e f f e c t i v e  e n e r g y  e x c h a n g e  w i t h  the  w a v e .  F o r  t h e s e  

p a r t i c l e s ,  t he  c o n d i t i o n  o~/4p << i i s  f u l f i l l e d .  H e n c e ,  

i n s t e a d  of  vT/0, i t s  a p p r o x i m a t e  e x p r e s s i o n  f r o m  f o r -  

m u l a  (2.6) c a n  be  s u b s t i t u t e d  i n to  (2.3) .  A f t e r  s o m e  
c a l c u l a t i o n ,  we ge t  

T = O)oe exp [ - -  {" ~ -~ ~Ho'~ ] X 
[ \ k're ) ] 

k2c2 / O)oe ,,2 1-1 

>' + J • 

2 i sin(V'7'1~H~ d l / P  (2.7) x ,/ 
n :k~Te _ l f~  

Pi 

H e r e ,  Pl i s  the  m i n i m u m  v a l u e  of p f o r  w h i c h  f o r -  
m u l a  (2.6) i s  s t i l l  a p p l i c a b l e .  L e t t i n g  ~- t e n d  to z e r o ,  

we a r r i v e  a t  a r e s u l t  f r o m  l i n e a r  t h e o r y  [5]. 

For an arbitrary instant the damping constant is expressed by triple 
integrals, which do not Iend themselves to any essential simplification. 
Therefore, in order to determine the principal characteristics of this 
constant, we use the results of [2, ~J in which integrals of this type have 
been evaluated. If, for example, the new variables ~, k, q are sub- 
stituted for v x, Vy, v z in (2.3), then cp will correspond to g, and k will 
approach a in formula (3.9) of [2]. 

In [2], it was shown that the damping constant will fluctuate with 
a characteristic time that differs by a factor on the order of unity from 
the vibrational period of particles situated at the bottom of the poten- 
tial well. In the case under consideration, the velocity components of 
such particles satisfy the hyperbolic equation (1.16), in which case 
v~ >0,  v~ < -ai/3. 

By s e t t i n g  v~u ~ kVTe/WH0 in  i1 .17) ,  we o b t a i n  the  

v i b r a t i o n a l  p e r i o d  of  p a r t i c l e s  a t  t he  b o t t o m  of  t he  p o -  
t e n t i a l  w e l l  

To ---- 4~ 2~I 
I c~ I (nrn) '1' ~ (kvre(OHt)'1" (2.8) 

T h u s ,  a s  i n  t he  c a s e  of p l a s m a  w a v e s ,  the  c h a r a c -  

t e r i s t i c  t i m e  of the  d a m p i n g - c o n s t a n t  f l u c t u a t i o n s  i s  
i n v e r s e l y  p r o p o r t i o n a l  to the  s q u a r e  r o o t  of  the  w a v e  

a m p l i t u d e .  H e n c e ,  f o r  s m a l l - a m p l i t u d e s w a v e s ,  p r o c e s s -  

e s  in  t h e  r e s o n a n t  r e g i o n  p r o c e e d  v e r y  s l o w l y ,  the  

p a r t i c l e  d i s t r i b u t i o n  f u n c t i o n  e x p e r i e n c e s  a l m o s t  no 

d i s t o r s i o n  d u r i n g  a t i m e  on  t he  o r d e r  of t he  p e r i o d  of 
p l a s m a  o s c i l l a t i o n s  (T = 27r/w), a n d  a M a x w e l i i a n  d i s -  

t r i b u t i o n  f u n c t i o n  m a y  be  s e l e c t e d  f o r  the  i n i t i a l  i n s t a n t .  

For large r (t >> To) the damping constant tends to zero, since the 
numerator of the integrand in (2.3) contains an elliptic function (2.4) 
which is integrated over its modulus. The decrease of the damping 
constant can be understood from simple physical considerations. The 
total energy of all particles situated on a trajectory with fixed p and q 
is conserved in the course of time if the distribution function depends 
only on these motion integrals. In the general case, the total energy 
varies between the maximum and minimum values which define p and 
q. At the initial instant, when the distribution function is Maxwell,an, 
the total energy of most trajectories increases, and the wave attenuates. 
For large ~-, owing to the difference in the periods, even such trajec- 
tories that are very similar with respect to p and q experience a phase 
shift. This means that the mean energy of aI1 trajectories remains con- 
stant, and the wave ceases to attenuate. It should be noted that this 
result holds only in the absence of collisions, i .e. ,  y = 0 (u is the col- 
lision frequency). If u # 0, expression (2.3) is valid for times shorter 
than the particle collision time, 

To <~ t < t / v .  (2 .9 )  

3. Owing  to t he  c o l l i s i o n s ,  t he  p a r t i c l e  v e l o c i t y  d i s -  

t r i b u t i o n  f u n c t i o n  w i l l  be  p a r t i a l l y  r e s t o r e d ,  o r ,  in  

o t h e r  w o r d s ,  w i l l  b e c o m e  M a x w e l l , a n .  F o r  l a r g e  t >> 

>> 1/u, the  p l a s m a  a t t a i n s  a s t e a d y  s t a t e .  T h e  d i s t r i b u -  

t i on  f u n c t i o n  i s  d e t e r m i n e d  i n  t h i s  c a s e  f r o m  a s t e a d y -  
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s t a t e  k ine t ic  equat ion  conta in ing  a co l l i s ion  t e r m ,  w r i t -  
ten in L a n d a u ' s  f o r m  

o/ of _ - -  v~ - ~  + ~ , , ~ - ~  - 

,,,, ,, r;,.v...,, o, + (  o ) ]  

v ~ 8ne~LkSr~ 
= arc tg -~-,  v = mZ ( I (~ [ --  to)s ' 

a = I ~- ( ~no ~ [ v ~  + (~ + v O q ,  
- -  k ]fYTe,] (3 .1)  

where  v has  the mean ing  of the ef fec t ive  co l l i s ion  f r e -  
quency in the r e s o n a n t  r eg ion ,  n 0 i s  the dens i ty ,  and L 
i s  the Coulomb l o g a r i t h m .  

It is  convenien t  to change to the new v a r i a b l e s  0 and 

0 = ~  --~, [~ ~ p ~-2aq, 

q = v~ 2 + vn2 - -  2 re. (3.2) 

Since the d i s t r i b u t i o n  function i s  mos t  s e n s i t i v e  to 
the longi tudina l  ve loc i t y  and s ince  q ~ (kVTe/WH0) z in 
the r e s o n a n t  reg ion ,  then Eq. (3.1) in the new v a r i -  
a b l e s  t akes  the f o r m  

i f - -  . 2 ~ ~ ' / ' [ .  [ k Y T e ~  2 on[ - -  

a = sgn v~, a = t + q(O~xolkVT,) ~. (3.3) 

This  equat ion d i f f e r s  f r o m  Eq. (1.8) in [4] only in 
the s y m b o l s  emp loyed .  With the a id  of the l a s t  equat ion  
in s y s t e m  (1.4), we ca l cu l a t e  the e n e r g y  expended by 
the wave p e r  unit  t ime  at  p a r t i c l e s  with a f ixed  q, 

dW 1 I~_~s  • 
d t  ~ ~ . - ~ - -  m o )  

x I dO ~,IoA(O)I~--A(O)] -v', 
--,~ ~ (0) 

A (0) -~ 40~ V'qsin 2 (1/~) o. (3.4) 

With the a id  of the r e s u l t s  obta ined  in [4], we r e -  
w r i t e  e x p r e s s i o n  (3,4) in the f o r m  

d W  t ( ~ ~ 'h  mno~ I O~o I ~ ~r x 
~--i- = - ~  \ - ~ - j  " 

x exp [- ~o~ q / ~~162 
. 2 2 \k-~Te ) l '  

I ~Ro I - e (3 .5 )  
C o ~ k ~ T e  " , 

Fig.  5 

By in t eg ra t i ng  (3.5) ove r  q and d iv id ing  by the to ta l  
wave ene rgy ,  we obta in  the damping  cons tan t  

(DOe 2 -I (3.6) 

In the c a s e  of s t a t i o n a r y  abso rp t ion ,  Tc depends  on 
the ampl i tude  of both the H 1 and HI-3/2 wave.  G e n e r a l l y  
speaking ,  f o r m u l a  (3.6) holds  for  t >> 1/v. A g e n e r a l  
e x p r e s s i o n  d e s c r i b i n g  the damping  cons tan t  with a l -  
lowance for  c o l l i s i o n s  at  any ins tan t  could not be d e -  
r ived .  A qua l i t a t ive  p lo t  of 7 vs .  t i s  shown in F ig .  5. 

The au thors  a r e  indebted  to P.  Z. Sagdeev for  h is  
a t tent ion  and va luab le  advice .  
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